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SOME CHARACTERIZATIONS OF ANALYTIC METRIC SPACES SOPHOCLES MERCOURAKIS
For a topological space X, let C λ (X) denote the Banach space of all bounded functions /: X -> R such that for every ε > 0 the set { x e X: \f(x)\>ε} is closed and discrete in X, endowed with the supremum norm. Using spaces of this form we give a direct proof (Corollary 1.5) of a result of Dashiell and Lindenstrauss on strict convexity of Banach spaces. Subsequently we obtain two types of characterizations of analytic metric spaces. The first (Theorem 2.3) is topological and is based on the set theoretic ordering of the compact subsets of X; this is related to some results of Christensen and Talagrand. The second (Theorem 3.1) is functional analytic and is based on the existence of bounded linear operators between the spaces of the form C λ (X).
A simple example of Dashiell-Lindenstrauss type. In this section
we introduce the class of Banach spaces C x ( X) 9 where X is a topological space and give a simple proof that there is no bounded linear one-to-one operator from CΊ(Σ), where Σ is the Baire space ω ω (of infinite sequences of natural numbers with the product topology) into the classical Banach space C 0 (Γ) = {/: Γ -* R: for every ε > 0 the set {γ G Γ: |/(γ)| > ε) is finite}, for any set Γ. Since C X (Σ) is strictly convexifiable [7, 8] the Banach space C\(Σ) is still another example with the properties of the examples of Dashiell-Lindenstrauss (see [2] , Theorem 2). DEFINITION 1.1..Let X be a topological space. We set C Y (X) = {/: X -> R: / is bounded and for every ε > 0 the set [t e X: \f(t)\ > ε} is closed and discrete in X). It is clear that C λ (X) with supremum norm is a Banach space.
We notice that: (a) For a subset A c X, A is closed and discrete in X if and only if A\ the derived set of A 9 is empty; (b) C o ( X) c C\(X), and if / e Q X) then /|Ω e C o (X) for all compact subsets Ω of X\ (c) if A is compact (resp. closed and discrete) in X, then C 0 (A) (resp. /°°(^4) is a complemented subspace of C X (X)). In particular, if X is compact (resp. discrete) then [7] , for the study of weakly countably determined (WCD) Banach spaces. In [7, 8] is proved that, if Ω is compact space then the Banach space C(Ω) is WCD if and only if there exist a subset Σ' c Σ a compact space JSΓ and a bounded linear one-to-one operator T from the space on Radon measures M(Ω) on Ω into C X (Σ' X K) that is weak* to pointwise continuous. Similar results hold for weakly j£-analytic Banach spaces.
In this paper the space X will be a separable metric space. Thus, C λ (X) related to the classical Banach space C Q (X) 9 in the same way in which a compact metric space is related to a separable one.
The next lemma is the key lemma of § §1 and 3. For the proof we need some preliminaries. A Banach space E is Grothendieck, if the weak and weak* convergence of sequences in E* are the same. It is well known that the classical Banach space l°°(A) 9 for any set A is Grothendieck (see [5] , p. 168). Notice also that this property of l°°(A), implies that every bounded linear operator F from /°°(J4) into C 0 (Γ), for any set Γ, is weakly compact, that is F({x e l°°(A): \\x\\ < 1}) is weakly relatively compact in C 0 (Γ) (see [3] , pp. 143 and 150). 
To see that T(f) e C 0 (Γ), let ε > 0 and set A = {n < ω: Since T(χ {t) ) Φ 0 for every /Gl,we have X = U w < ω X n . By Lemma 1.3 we have that every X n is relatively compact in X, so X is σ-compact. COROLLARY 1.5. For any set Γ, there is no bounded linear one-to-one operator T: Q(Σ) -» C 0 (Γ). REMARK 1.6. The above Corollary 1.5 should be compared with some examples of Dashiell and Lindenstrauss [2] concerning strictly convexifiable Banach spaces. We recall that a Banach space E is said to be strictly convexifiable if there is an equivalent norm || || on E which is strictly convex (that is, for every x, y e E with x Φ y 9 such that ||jt|| = \\y\\ = 1, we have ||(x + y)/2\\ < 1). By a classical result of Day [3] C 0 (Γ) is strictly convexifiable. As noted by V. Klee [3] every Banach space that admits a one-to-one bounded linear operator into some strictly convexifiable space has the same property.
Dashiell and Lindenstrauss proved, by constructing suitable examples (see Theorem 2 of [2] ), that the existence of a one-to-one bounded linear operator from E into some C 0 (Γ) is not a necessary condition for E to be strictly convexifiable.
In [7, 8] is proved that C\(Σ) (in fact any space C X (X) where X is countably determined topological space) admits an equivalent strictly convex norm (which is moreover pointwise lower-semicontinuous). By Corollary 1.5 it follows that C X (Σ) is one more example with the properties of the examples of Dashiell-Lindenstrauss. For a different proof of Corollary 1.5 we refer to [7, 8] .
Topological characterizations.
We begin with a simple lemma. Proof, (a) => (b) Since (i) is trivial, we only prove (ii). Let K be a compact of X. If f(K) were not relatively compact in 7, K contained an infinite closed and discrete subset, which is absurd.
(b) => (a) Let A be a subset of Y such that f~ι{A) is not closed and discrete. Then there is a non-trivial convergent sequence (x n ) neω in f~ι(A). The set {f(x n ): n e ω) is infinite (by (i)) relatively compact (by (ii)) and is included in A. Therefore A is not closed and discrete.
The above lemma in conjunction with a theorem of Christensen [1], yields the following: PROPOSITION 
Let X be a Polish space and Y a metric space. Suppose that there is a function f: X -> Y 1-1 and onto such that for every A c X, f(A) is closed and discrete in Y if and only if A is closed and discrete in X. Then Y is a Polish space.
Proof. Let X(X) and Jf(Y) be at the families of non-empty compact subsets of X and F, respectively. Define F: Jf(X) -> Jf(F) with F(A) = c\ y f(A).
By Lemma 2.1 F is well defined and satisfies the following conditions: (a) if A, B e jf (X) and A Q B, then F(A) c F(B) and (b) for every compact subset K of Γ, there exists a compact subset A of X such that F(A) D K (e.g. A = cl x (f~ι(K))). Now the result follows from [1].
In the next theorem we use the following notation. If σ, r are in Σ, then σ < T means σ(n) < τ(n) for all n G ω. We also set Σ(σ) = {τ G Σ: T < σ) for every σ G Σ and 5 = {σ\n: σ G Σ, w G CO}, where σ|« = (σ(l),σ(2),...,σ(/i)).
Recall that a metric space X is analytic if X is a continuous image of Σ. 
Moreover, in (c) f can be chosen to be one-to-one and Y to be Σ (if X is uncountable) or a closed discrete subset of Σ (if X is countable).
Proof, (a) => (b) Let /: Σ -» X be a continuous surjection. Then the family of the sets X σ = /(Σ(σ)), σ G Σ, has the desired properties.
(b) => (a) First we prove that X is separable. To do this, we show that every closed and discrete subset D of X is countable. For every x G D, we choose o x G Σ such that x G Z σ . Then D c U^^I, and it suffices to show that {σ^: x G D} is countable. Suppose that this is not the case and choose a non-trivial convergent sequence {σ x }. Then Ό™ =ι Σ(σ x ) c Σ(p) for some p G Σ. It follows that U™ =ι X σχ c AΓ p and so {x w : n < ω) c X p , which is impossible because x rt G i), n G ω, and X p is compact.
Let ί be a metrizable compactification of X Set X 5 = c\ k (\J{X σ : σ G Σ, σ extends 5}), for every 5 G S. By [6] , p. 482, it suffices to show that X= U σGΣ Γ)™ =ι X σln . Since "c" is obvious, we prove only the reverse inclusion. Let x G U σeΣ Π^Lx^^ and let (t/ n ) M<ω be a neighborhood base for x ^ K. Then there exists σ G Σ such that x G X σ(w for all n < co. By the definition of the X s , for every n < ω there exist σ n G Σ such that σjn = σ|n and ^ G X σ Π J7 W . Then σ n -> σ (in the metric space Σ), so there exists p G Σ such that {σ n : n < ω} c Σ(p), which implies that U πGω X σ/j c X p and {j; n : Λ < ω} c X p . Because y n G £/ n , j; rt -> x and soxel p cl (a) => (c) If X is countable, take Y to be any closed and discrete subset of Σ with the same cardinal. Then any f: Y -> X one-to-one and onto satisfies (c). Now assume that X is uncountable, so there is a compact uncountable K c X ( [6] , p. 479). Let g: Σ -> X be a continuous surjection. Fix a subset C of Σ such that g\C is 1-1 and g(C) = X\K. Define /: Σ -> X such that /|C = g and /|Σ \ C is 1-1 and /(Σ \ C) = A'. We shall prove that / satisfies (c). It is clear that / is one-to-one and /(Σ) = X. Thus, by Lemma 2.1, it suffices to show that for a compact subset Z of Σ, /(Z) is relatively compact in X.
Let {z n } be a sequence in Z and set j w =/(z w ). Because Z is compact, we can assume that z Λ -> z e Z. Let M = {« <ω:z, 2 GΣ\C}. If M is infinite, then by definition of / the set {/(*"): « G M} is an infinite subset of K and so it has an accumulation point. Now assume that M is finite. Then z n e C and y n =f(z n ) = g(z n ) for all « e ω \ M. Since g is continuous, y n -> g(z). (7) and ^ c i^2, and X κ compact for all K e Jf(7).'
Functional analytic characterizations.
In this section we characterize analytic metric space X with the help of linear operators from C X {X) into C λ (Σ) using functional analytic arguments in conjunction with Theorem 2.3. (X) , it follows that no closed subset of X is homeomorphic to Σ. Because X is analytic, it follows from theorem of Hurewicz (see [10] , Corollary 1.4.5) that X is σ-compact.
I don't know if the assumption that X is analytic in condition (b) of Theorem 3.2 can be dropped. We note in this connection that the pointwise compact subsets of spaces of the form C λ (X) where X is a countably determined topological space are studied in detail in [7, 8] .
Finally, we show that the spaces of the form C λ (X) are hardly ever Grothendieck. Proof, (a) => (b) We shall prove that every compact subset of X is finite. So let K be compact. Define T: C λ {X) -> C 0 (K) c QX) witĥ Ύ/) ^ f\K Obviously, Γ is bounded linear projection and ||Γ|| = 1. Since C λ (X) is Grothendieck and C 0 (K) is weakly compactly generated (see [3] , Corollary 5, page 350) it follows that T is a weakly compact operator. Therefore, if B x and B κ denote the closed unit balls of C λ ( X) and C 0 (K), respectively, then T(B X ) = B κ is weakly compact. It follows that C 0 (K) is reflexive, and so K is finite.
(b) => (a) By the remarks before Lemma 1.4, for every set X the space /°°(X) is a Grothendieck space.
REMARK. Since every injective Banach space is Grothendieck and l°°(X) is injective, (a) and (b) of the above proposition are also equivalent to:
(c) C X (X) is injective.
